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Graph states (or cluster states) are the entanglement resource that enables one-way quantum computing. They
can be grown by projective measurements on the component qubits. Such measurements typically carry a sig-
nificant failure probability. Moreover, they may generate imperfect entanglement. Here we describe strategies
to adapt growth operations in order to cancel incurred errors. Nascent states that initially deviate from the
ideal graph states evolve toward the desired high fidelity resource without impractical overheads. Our analysis
extends the diagrammatic language of graph states to include characteristics such as tilted vertices, weighted
edges, and partial fusion, which arise from experimental imperfections. The strategies we present are relevant
to parity projection schemes such as optical ‘path erasure’ with distributed matter qubits.
PACS numbers: 03.67.Lx, 03.67.Mn, 42.50.Pq
Graph states have the remarkable property that they embody
all the entanglement needed for quantum algorithms. The
computation then proceeds purely through single-qubit mea-
surements, consuming the graph state as a resource [1, 2, 3].
Several physical mechanisms that can create graph states have
been identified, many of which employ measurements in order
to create the required entanglement [4, 5, 6, 7, 8, 9, 10]. Ef-
ficient graph state creation is possible even when these entan-
gling measurements have a high failure probability, provided
that success is heralded [7, 9, 11, 12, 13, 14, 15, 16]. Fail-
ure corresponds, at worst, to local (repairable) damage to the
growing graph state. This approach has been applied to linear
optical scenarios, and to scenarios involving macroscopically
separated matter qubits. A successful entangling measure-
ment must have a high fidelity: Imperfect (non-maximal) en-
tanglement generally leads to errors in the computation. How-
ever, achieving a higher fidelity by enforcing more stringent
success criteria will generally result in a large resource over-
head [15].
We show that by adaptively altering the growth process of
graph states, there is a class of imperfections that can be tol-
erated in creating ideal graph states. We consider monitored
errors, i.e. random errors that cannot be predicted but which
are known once they have occurred. Such errors may originate
from frequency mismatch, spatial mode mismatch, or cavity
coupling mismatch. Here, we illustrate our techniques by con-
sidering the non- maximal entanglement that occurs when two
sources in a path erasure scheme have unequal photon emis-
sion rates [17, 18, 19]: A spontaneously emitted photon that
is detected early in the detection window is more likely to
have originated from the more rapidly emitting cavity; con-
versely, photon detection late in the window implies a bias
to the slower cavity. Rather than abandoning such events as
failures, we exploit the fact that the resulting entanglement is a
known function of the detection variable (e.g., the observation
time). Non-ideal measurements are employed to create ideal
graph states, dramatically reducing the resource overhead.
In order to incorporate the effects of monitored errors, we
extend the graph state formalism by introducing tilted ver-
tex amplitudes, weighted graph edges [20, 21], and partial
FIG. 1: Graph generalizations (left), the corresponding proper graphs
(right), and the relevant addition rules. (a) tilted vertices are hollow
circles labelled α, denoting a qubit in a state cos(α)|0〉 + sin(α)|1〉
prior to applying two qubit operations; (b) weighted graph edges, il-
lustrated as a solid edge between two qubits A and B, and labelled
θ. In operator notation a weighted edge is UAB(θ) = cos(θ)1 +
i sin(θ)ZAZB ; (c) partial fusions, illustrated as a dashed line be-
tween two qubits A and B labelled θ. In operator notation a partial
fusion is PAB(θ) = cos(θ)1 + sin(θ)ZAZB .
fusions (see Fig. 1). Tilted vertices arise directly from the
monitored errors, whereas weighted edges and partial fusions
may result from measurements on tilted vertices. This broader
class of multi-qubit states still has a graphical description
whose complexity increases only polynomially with the num-
ber of qubits. We present three adaptive growth strategies that
yield ideal graph states in the presence of monitored errors;
we will refer to these as realignment, merging and bridging.
We will consider schemes for graph state construction that
use Projective Measurements (PMs) to construct graph states.
A PM is a probabilistic entangling operation that, when suc-
cessful to a high fidelity, results in a projection of two qubits
onto the odd parity subspace. An example of such a PM
2FIG. 2: (a) A distributed quantum computer; the qubits are stored in matter systems which are coupled to optical modes. Pairs of optical
paths are routed towards a beam splitter while two detectors (a PM device). (b) emission rates from two mismatched cavities; detection events
within the shaded region correspond to high-fidelity entanglement. (c) fusing tilted GHZ states by a projective measurement. Upon success,
this will result in a larger tilted GHZ state. This can be probabilistically purified into a proper GHZ state. (d) fusing two cherries generates a
tilted central vertex with a single cherry (which is used for realignment). If realignment fails the state can be used for merging (Fig. (3a)) or
bridging (Fig. (4a)).
scheme is given in Ref. [4]. In this proposal matter qubits
are initially prepared in the state |+〉 ≡ (|0〉 + |1〉)/√2. The
qubits emit photons depending on their state, and which-path
erasure is used to create two-qubit entanglement (Fig. 2a). In
the ideal situation, when only a single detector clicks, the
qubits are projected onto the maximally entangled (|01〉 +
|10〉)/√2 state. However, with partially distinguishable pho-
ton sources, the qubits are projected onto a state of the form,
cos(α)|01〉 + sin(α)|10〉 [22]. If the distinguishibility results
from the two qubits having different photon emission rates,
see Fig. (2b), then knowing the time of the detector click
means the value of α is also known, and hence monitored.
With current technology detectors can resolve time several or-
ders of magnitude faster than typical cavity emission times,
allowing accurate error monitoring. Thus a dominant error
source may be subsumed into our graphical language by the
introduction of tilted vertices.
Tilted vertices A tilted vertex is parametrised by an an-
gle α, which defines the initialisation state of that qubit as
|ψ〉 = cos(α)|0〉+sin(α)|1〉. When the parameter is α = pi/4
the qubit is a proper vertex, as illustrated in Fig. (1a). Addi-
tional graph generalizations will be shown to arise when cer-
tain measurements are made on tilted vertices.
Weighted edges A weighted graph edge between two ver-
tices A and B is defined in operator notation as UAB(θ) =
cos(θ)1 + i sin(θ)ZAZB , and is graphically represented as
a solid edge labelled with an angle θ. The angle is con-
strained to the range −pi/4 ≤ θ ≤ pi/4, by using the identity
UAB(θ + pi/2) = iZAZBUAB(θ). A weighted edge UAB(θ)
is local unitary equivalent to a control-Z(4θ); where Z(ϕ) is
the diagonal matrix with elements (1, eiϕ). For brevity these
local equivalences will be omitted, such that weighted edges
with θ = ±pi/4 are equivalent to a control-Z , represented by
a proper graph edge, as illustrated in Fig. (1b).
Partial fusions A partial fusion between two qubitsA and
B is defined in operator notation as PAB(θ) = cos(θ)1 +
sin(θ)ZAZB , and is graphically represented by a dashed line
labelled θ. The angle is again constrained to a pi/2 range, by
the identity PAB(θ + pi/2) = ZAZBPAB(−θ). When θ =
+pi/4 or θ = −pi/4, the operator becomes a projector onto
the even or odd parity subspace, respectively, as occurs with
type-II fusion [7]. For a full fusion PAB(±pi/4) on proper
vertices, the resulting state is equivalent to a pure graph state,
as in Fig. (1c). This last required graph generalization differs
from the previous two in its non-unitary nature, and hence
there will be an implicit renormalization in all expressions.
We now describe strategies for adapting graph state syn-
thesis in response to monitored errors. The microcluster ap-
proach [13] is suitable as the overall scheme: GHZ states are
created and selectively fused together in order to produce any
desired tologopy. We begin by noting that a simple realign-
ment process allows us to correct a tilted vertex through the
sacrifice of a neighbour. We then observe that, even without
such neighbours, a proper graph can still be constructed us-
ing strategies we call merge and bridge. The steps involved
are probabilistic, but upon failure the latter strategies leave
residual entanglement which can be exploited in subsequent
attempts. The merge procedure is efficient at increasing the
size of medium sized GHZ states, while the bridge procedure
can create edges between multi-neighbour nodes. Thus these
two strategies would be relevant at different stages of the mi-
crocluster growth scheme, for example.
3Realignment The realignment strategy is most clearly de-
scribed using GHZ states. A proper GHZ state is any proper
graph that has no more than one node with multiple neigh-
bours, or any local unitary equivalent graph. The vertex with
many neighbours is called the core vertex, and the attached
single neighbour vertices are its cherries. Generalized GHZ
states can be constructed by projectively measuring the core
qubits of two smaller generalized GHZ states, as illustrated in
Fig. (2c). If successful, the state has one tilted vertex to be
corrected. The value of α3 will be determined by α1, α2, and
the photon detection time; increasing the expected amount of
entanglement associated with α3 is discussed in [22]. A re-
alignment strategy, shown in Fig. (2c), can correct the tilted
vertex by measuring a cherry in a basis tuned to α3. Note
that a tilted vertex could not possibly be corrected through
purely local operations on that vertex, since the tilt implies
incorrect entanglement relations with the neighbouring ver-
tices. The cherry qubit is rotated byMB(α3), whereM(α) =
sin(α)X − cos(α)Z , which becomes H , the Hadamard, for
α = −pi/4. With success probability ps(α3) = 12 sin2(2α3)
the tilting will be removed. If the realignment is unsuccess-
ful, then the tilting is exacerbated such that its angle changes
to R(α3) = arccos(cos2(α3)(1 − ps(α3))−12 ). Note that the
realignment procedure is not specific to tilted vertices in gen-
eralized GHZ states, but can be used to correct any tilted ver-
tex that has a cherry. A less risky procedure, which constructs
graph states more complex than GHZ states, requires a PM on
two cherries (Fig. 2d). The risk is less because a failure re-
sults in only two qubits being separated. When successful one
of the qubits becomes a tilted intercore vertex, and the other
becomes its cherry. Again the cherry can be used for realign-
ment. Through repeated applications of this procedure one
could realize any graph topology, including the cubic lattice
graphs known as cluster states.
The remainder of this letter concerns what use can be made
of this tilted two-neighbour vertex after all of its cherries have
been lost. If the tilted vertex is connected to two vertices la-
belled 3 and 4, then two options are available: (i) to attempt to
merge 3 and 4 with P34(±pi/4), as in Fig. (3); (ii) to attempt
to bridge 3 and 4 with U34(±pi/4), as in Fig. (4).
Merging The protocol for the first attempt at merger is
shown in Fig. (3a). Note that, if the vertex was not tilted,
then this can be deterministically achieved by measuring the
intercore vertex in the X-basis. However, when the vertex
is tilted the procedure becomes probabilistic. Either the even
P34(pi/4) or odd P34(−pi/4) parity projector can be targeted
by rotating by M2(α1) or M2(−α1), respectively. Success
occurs with probability ps(α1) = 12 sin
2(2α1). Failure cre-
ates a partial fusion onto the subspace that is orthogonal to the
targeted subspace; hence the sign flipping of P34(∓R(α1)).
The entanglement from this partial fusion will increase the
probability of success for subsequent attempts at merging. For
another attempt to be made at merging, first a successful PM
must be achieved. This will generate a new tilted intercore
vertex with a cherry that can be used in a realignment attempt.
If realignment is successful, then Fig. (3c) shows how this can
FIG. 3: Connecting two subgraphs by merging one qubit from each
subgraph. The qubits are labelled by 3 and 4, and a successful merger
corresponds to P34(±pi/4). (a) an attempt to merge two qubits at-
tached to a tilted vertex with success outcome P34(±pi/4) or failure
outcome P34(∓R(α1)). After a failure, projective measurements
must be repeated until two more cherries are fused. A realignment
attempt can then be made on the resulting tilted vertex by measuring
its only cherry. If realignment is successful then implement (c), but
if failed then implement (b). (b) is a probabilistic procedure that on
success generates P34(±pi) and on failure P34(∓R(α2)). (c) is a
deterministic procedure that projects with P34(±pi/4).
be used to deterministically add to the partial fusion to get a
full parity projection, which only differs from the untilted case
by skewing the probabilities of the even or odd projection re-
sults. If realignment is unsuccessful, then Fig. (3b) shows
how a probabilistic attempt can be made at merging. The
probability of success is pm(α2, θ1) = ps(α2)(1± sin(2θ1)),
where the sign freedom, ±, comes from the choosen rotation
M(±pi/4). Hence, the partial entanglement will always be
beneficial if we match ± to the sign of θ1. If this attempt
at merging fails then it causes an additional partial fusion of
P34(−sign(θ1)R(α1)), where the function sign(x) equals 1
for positive x, and −1 otherwise. The two partial fusions can
be combined using the rules specified in Fig. (1c).
Bridging Having covered the merging procedure, we will
now describe the bridging procedure, shown in Fig. (4), which
aims to generate U34(±pi/4). Fig. (4a) starts with a graph that
has a cherryless tilted intercore vertex and no pre-established
graph edge between 3 and 4. The rotation M2(±α1) · S, will
target U34(±pi/4), where S is the diagonal matrix with ele-
ments (1, i). Again the success probability is ps(α1). A fail-
ure results in a weighted edge of an angle ∓R(α1).
In parallel with the merging procedure, Figs. (4c)&(4b)
show how to proceed, with another perfect intercore vertex
or another tilted intercore vertex, respectively. In contrast
with the merging procedure, weighted edges combine by a
simple rule of addition. Consequently, the exact amount of
4FIG. 4: Connecting two subgraphs by bridging one qubit from each
subgraph. The qubits are labelled by 3 and 4, and a successful bridge
corresponds to U34(±pi/4). (a) an attempt to bridge two qubits at-
tached to a tilted vertex with success outcome U34(±pi/4) or failure
outcome U34(∓R(α1)). After a failure, projective measurements
must be repeated until two more cherries are fused. A realignment
attempt can then be made on the resulting tilted vertex by measuring
its only cherry. If realignment is successful then implement (c), but
if it fails then implement (b). (b) is a probabilistic procedure that on
success generates U34(±pi/4 − θ1) and on failure U34(λf ), where
β± and λf are respectively defined by (1) and (3). (c) is a determin-
istic procedure that projects with U34(±pi/4− θ1).
extra weighted edge must be targeted. Given a pre-existing
weighted edge of angle θ1 an additionalU34(±pi/4−θ1) is re-
quired. However, when the bridging process involves a tilted
intercore vertex together with some pre-existing weighted
edge (Fig. 4c), calculating the required rotation is more in-
volved. Rotating the tilted vertex by M(β±) · S and measur-
ing, causes either U34(±pi/4− θ1) or U34(λf ), when:
β± = N cos(α2)(± cos(θ1 − sin(θ1))), (1)
N = (1∓ sin(2θ1 cos(2α2)))− 12 . (2)
The targeted U34(λs) will be successful with probability
pb(α2, θ1) = ps(α2)N
2
. As before, this probability can be
made to be always larger than ps(α2), by using the sign free-
dom in the rotationM(β±) ·S. If the measurement fails, then
a weighted edge U34(λf ) is added, where:
cos(λf ) = arccos
(
cos(θ1) cos(β±)√
1− pb(α2, θ1)
)
)
. (3)
Improvements A rough measure of the improvement
made by our scheme can be reached by calculating the in-
crease in success probability for a single attempt at an en-
tangling operation. Consider two cavities differing in cou-
pling strength by 10% that have the photon emission rates in
Fig. (2b), provided we neglect photon loss. In a naive scheme
that post-selects projective measurements with a fidelity of
less than 1 − 10−5, the success probability drops from the
inherent 50% to only 4%. Our scheme will attempt to bridge
or merge any projective measurement that produces a finite
amount of entanglement. A successul bridge or merge will,
in the limit of ideal detectors, generate unit fidelity entangled
states. The overall success probability becomes 24%; a sub-
stantial improvement on the naive approach by a factor of 6
[22].
Conclusions A realistic model of distributed quantum
computing gives rise to an interesting class of random but
monitored errors, which are treated as a generalization of
graph states. A set of strategies has been presented that adapt
the growth scheme to tackle these errors. In some instances
a failed attempt generates a state that is described by further
graph generalizations, but these states possess partial entan-
glement that is recycled in later attempts. The benefit of the
scheme is that high-fidelity graph states can be constructed
when using cavities with varying physical parameters with-
out suffering the severe loss in success probability that comes
with a naive post-selection strategy.
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